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&estion X : Smooth hypersurface of degreed in 1Ph+
&

What is the largest possible automorphism group Aut(X) ?

Th [Esser ,
L

.
]

X : Sm
. hypersuf . of degreed in I

*
St

. 121 and =3

The Fermat hypersurface achieves the largest /Lin(X)) in dim
.

n
, degreed ,

of order (n+2) ! dht !

except when In , d) is

(1 , 4) ,
(1

,
6)

,
12

,
4)

,
12, 6)

,
12

,
12)

,
14

,
6)

,
14 , 12) .

Moreover
,
for any X such that (Lin(x)) = In+2) ! d, X is isomorphic to the Fermat

hypersurf ,
or to one of the exceptions above .



&mark This statement was already known for (n
,
d) :

· Al Pambianco, Hanei

· (2 ,3) : Dolgachev-Duncan

· (3
,
3) : Wei-Yu

· (3
,
5) : Ogviso- Yu

· (4
, 3) : Laza-Zheng



# We use Lin(x) instead of Aut(X) in our thm
.

Y is a linear automorphism of X if I an autom
.

Y : /Ph*
-> P

" *
st

. 4x = 9.

· Lin(x)E Aut(x)

· If n21 and dz3 and (n
,
d) * (1

,
3) or (2

,
4)

, then Lin(x) = Aut(X)
.

· n23 :

consequence of Gothendieck - Lefschetz Thm

· n = 1 or 2

n= 2 and (n
,
d) +(2

, 4) then Link) = Aut(x) [Matsumura-Monsky]



X : <f = 03 < /Ph+ /

· Lin(f) = Egt GLn+ z (1) S
.t

. g . f = f 3
.

· (Lin(t)) = d(hin(x)

The Fermat hypersurface : For any n
, deco

,
the Fermat hypersurface of dim n

, degd is

X
=
appn

+

XF : x + x ,

9
+... +X = 0 (smooth

· Aut(X) contains ( * /d)$(
+ 1)

A Sn+ 2

[Shioda
, Kontogeorgis] If &23 , then Lin(x) = (DId** Sutz

=> /Lin(x)) = (n+ 2) ! dat

Similarly ,
Lin1) = (4/d)@h+2) A Sn+ 2

(Lin(f)) = (n+ 2) ! du
+ 2



General Idea of the proof

X = =(f=03c/put

G : = Lin(f) .

(1) Find a general upper bound forIG

(2) n225 : the Fermat hyperswf . has the largest automorphism gp of any sm
. hypersurface X If dim(x) is large enough.

(3) n < 25

-> 80 exceptional cases where (Aut(x) I could theoretically exceed Aut(X = )(

show all but 8 of these 80 cases can be eliminated.



(1) Find a general upper bound for1G1 = /Lin())

He Decompose Lin(f) as a subnormal series and we bound each component individually.

XCIP" and IPh* = 1P(V) where V =&* of dim N = n + 2.

Rep. G GL[V) of G = Lin(t) on V.

An irreducible representation of G is Primitive if the underlying vector space V is not a direct sum of proper

subspaces of V permuted under the action of G .

We call G Patie if D [GL (D) and the corresp , rep ,

is primitive.



-ma [Collies] For any subgp GCGLIV) ,

there is a direct sum decomposition

V = V
,
A --- Ve

such that

1) G permutes the subspaces V
, ..., Ve

,

and

(2) Fi = 1, ...,
r

,
the group Hi = Stab

,
(vi) acts primitively on Vi

.

Call V
, D ...Vraimitivedecomposition of G.



Fix a prim . decomp. V = V
,
@ ... V of G

↑

a dimension partition it = (NMN,
...,
1M) of N

,
where

Mr = # of times a subspace of dim .
R appears in

the decomp,

r = M,
+ .. . + MN

r

Define H = M Hi Hi = = Stabp(Vi)
i = 1

= the kernel of the permutation action of G on Vi .

- embedding of G/H in S and we have a subnormal series

for G = Lin(f) :

1 & ZIH) EH G



Ex X +
= <f = 0 3

,
f = x& + x

,

%
+... +X = 0

V = Spandeo ,
e, ...,

en+, 3 and Vi = Spandeil ,
i = 0

,
1, ...,

n+

=> v = V# V
,
0 ... Un+, a prim , decomp.

= π = ((n
+

2) = (IN)

-11-

# To find an upper bound for 1hin(f)) we bound

Kytools

G/H

3
a "replacement theorem" of collins

H(z(H)

z(H) 3
(i) Show ZCH) is a block scalar subg of H ;

(ii) Thm(Esser
,
L

. ] In our setup ,
the intersection

of Lin(f) with the group of block scalar

matrices has order at most d"



T [Collins]

GG(N(k) : primitive subgp ,
N = 2

Then [G : ZCG)] is bounded for fixed N . Moreover
,

if [G : E(G)] achieves

this band , then GIZCC) = SN + 1 unless N = 2
,

3
,
4

,
5

,
6

,
7

,
8

,
9 or 12

.

-

In these cases
,
the bounds are shown in table.

and if the bound is achieved

G(z(G) = H/z(H)

7 with



Let # (N) denote the function that returns the upper bound on [G : z(G)] over all primitive subgroups G of

GLv (1) .
Then

⑪ (1) = 1 and (N) = (N+ 1) ! except N = 2-9
,

12

Th [Esser ,
L . ) Using the quotient bounds ,

(Linkf)) = [G : H] [H : z (H)](z(H))

= (M ,! uz ! ... un ! ) ·T (din(vil). d

-

B(it , d)
E XF : St = 03

G = Lin(f) = (2 /d)
@in+2)

X Sn + 2

H = ( & (d) (n+ 2)

= z(H)



I [Esser ,
L

. ] Fix N227 and degreed 13. Then

B(π
,
d) < B(((

M
)

,
d)

for any partition it of NS .t
.

* (1N)
.

--

If(ut(X)1 > Aut(X1)) of same dim
.

and deg ,
means G = Linff) has It

with B(i
,
d) = B((IN)

,
d).

=> N < 27 (n < 25)

n 80 such cases "exceptional partitions" for degreed.





Ex (n
,
d) = (2

,
12)

Let X : St = 03cP3
,

f =

Xox , (xo
*

+ 11x0*
x * - x , ) + x 2xg(x2" + 11x2

*
x35 - Xg

* ) =

0
.

G = Linkf) = (12. Aj)
# 2
X Se (2) = (12 . 60)? . 2 !

H = (12. A5)
# 2

1H/z(H)) = 60 2

z(H) = (/12)
*2

(z(H)) = 122

Partition it = (2) = (22
,
19) ;

Mz = 2 and M ,
= 0

B(n
,
d) = B((22) , 12) (2)

, (3) ,
(4)

= 0 ! 2!. (dimVi) . 12 G/H
i=i

= 2.602122 (10) H = z(H)

= IG)


